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ohpo~|O{cx+§¥fKhp|Osxo|¸pgs{r²>s{+§¥µx+b§¨o~b]qOoh
x+behK{,qtxhKx+behK­~§¥e|\­ |t¶p|Oehpgx+§¨|O
n
§¥eg{hrqOo,hpo6§¨oqt{|ruv§¥fjqtxhg¤¥y
1/RNn
2qO,°hgxo6)hg{
ohpp|OeT²;acbehÏ|O¤¥y x+b§¥Y{hpo+x+{,qt§¥§¥Yx+behÏ{|\­~x+bÆ|t¶³x+{,qteo+fµ§¨oo+§¨|O.{,qtxhpo:§¨o#qE¤¨|oo:|O{
x+§¥fKhp|Osxr² .behgÉq=¤¨|oo|¸pgs{ox+beh­~§¥e|\­ §¨o~{hpvsephpw«Ry:b]qt¤Ì¶+²
acb]h:o,|Os{ph:eh¯x,hggxoKqÃ¤¨|oo­~behgYx+be{hphHvs¤¥§¨rqtxhwqO,°¸e|\­~¤¨hpvhgfKhp¸xoKqt{+{+§¥ªh²
acbeh
o|Os{phx+behgÃox,qt{+xoq6¶¿qOo+x~{hgx+{,qteo+fµ§¥x."\¶ÎqOox{hpp|\ªhg{+yH«¸y:§¥fµfKhpv§½qtxhg¤¥yw{hpohgev§¥Kx+beh!¤¨|o+x
ö0öÈÞ0/vþ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         0     $ 	 
]qO,°hgxr² ¦hqOoosfKh~x+beh¤¨|oohpoqt{h|O¤¥y=hgehg{,qtxhp:«¸y=x+behl?>¡lqte|Of £qt{+¤¥yK!hgxhp¯´
x+§¨|O2©qOgx+§¥ªhµ«sv±Thg{fjqt]qthgfKhgRxo,,behgfKhK|O{«¸y
x,qt§¥¤Ì´ïv{|OJ²  Ehµehg¤¨hggx6x+behµ)|oo§¥«§¥¤¥§¥x¹y
x+b]qtxvs¤¥§¨rqtxh!qO,°¸e|\­~¤¨hpvhgfKhp¸xocqt{,h~hgehg{,qtxhp:«¸y=]qO,°hgxo®qt{+{+§¥ªR§¥|Osx|t¶J|O{hg{r²) ¦h
­~§¥¤¥¤qOoo+sfKh³x+beh«sv±Thg{be|O¤¨o
B
]qO,°hgxoqteÃx+b]qtx|O]gh³x+be§¥o«sv±Thg{o+]qOph³§¨oh¯uRb2qtseo+xhp
qt{+{+§¥ªR§¥j2qO,°hgxoqt{hv{|O)hpT²
	¸se,bÏx,qt§¥¤Ì´ïv{|Oeop|OfKh6§¥
qOv§¥x+§¨|O
x|Kx+beh6l£ÄfKhp,b]q`´
§¨o+fÃ²Êhg{hc­®h~x,qt°h~x+behv{|OK{|O«]qt«§¥¤¥§¥x¹yK|t¶l?> ¡|t¶JqtK§¥ep|Ofµ§¥6]qO,°hgx>«)h¯¶¡|O{h~«)hg§¥
{|¸phpoo,hg2©®x|=«)h6q¶¡segx+§¨|OÉ|t¶x+beh³ºsehgseh³o+§¥¼rh­~b§¨,bÃ§¨o~¼rhg{|=¶Î|O{qµºsehgseh¤¨hgx+bÃ«)hg¤¨|\­
Qmin
«sx~{§¥o,hpo~¤¥§¥ehrqt{+¤¥y#x|
pmax
qtx
Qmax
qteÃhpº¸s]qt¤¨o~x|
1
qt«)|\ªh
Qmax
²
ï¶qt¤¥¤
N
p|Oehpgx+§¨|Oeojqt{h:§¥ p|Ohpo+x+§¨|Oqrª|O§¨eqteph#­®hHrqt¬{h¯¶¡|O{+fs¤½qtxh#x+b§¨oµv{|O
{|O«]qt«§¥¤¥§¥x¹y:§¥#xhg{+fKo~|t¶
QN
»Rx+beh!ºsehgseh!o+§¥¼rhv§¥ªR§¨hpH«¸y
N
»qOo
F (QN (t))
»¸­~b]h¯{,h
F
§¨o~q
v§¨o+x+{+§¥«sx+§¨|OÏ¶Ws]¯x§¥|OÏ­~b§¨,bÏ§¨o¼rhg{|K«)hg¤¨|\­
qmin = Qmin/N
«sex{+§¨ohpo¤¥§¥ehrqt{+¤¥ywx|
pmaxqtx
qmax = Qmax/N
qteÃ}(sfµeox|
1
­~behg
QN (t) ≥ qmax
² +¶p|Os{ohjx+b]hjx,qt§¥¤Ì´ïv{|O
o,behgfKh®rqt"«)hp|Oeo+§¨hg{hp=qOo0x+beh¤¥§¥fµ§¥x+§¥!rqOo,h£­~behg
qmin = 0
»
qmax = b
qte
pmax = 0
²
acb]hH|qt¤|t¶?x+b§¨o=]qt)hg{µ§¨o=x|
{|\ªhHx+behwp|OO}(hpgx+s{hw§¥4Á¥i¯Â~­~b§¨,bg¤¨qt§¥fKoµx+b]qtxµx+beh
b§¨o+x|O{,qtfÈ|t¶x+beh!­~§¥e|\­ o§¥¼rhpoc§¥Éqt¸yHg¤½qOoo
c
g|ORªhg{+hpox|Kq"hgxhg{+fµ§¥§¨o+x§¥³fKhrqtwË]hg¤¨
¤¥§¥fµ§¥x­~§¥x+bÏfKhrqOos{h
Mc(t, dw)
qtx?x+§¥fKh
t
qteÉfK|O{hp|\ªhg{x+beh6{hg¤½qtx+§¥ªhº¸sehgseho+§¥¼rh
QN (t)p|O¸ªhg{+hpox|Kqµhgxhg{+fµ§¥§¨o+x+§¨³¤¥§¥fµ§¥x
Q(t)
²
 Ñ¸Õ  Ñ    
 	 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Mc(t, dw)
3<1 	  1 	("1  9%	   	(; 	>=; 	    Mc(s−Rc(s), dv; s, dw)
-<"1 
 :   	  	(; 	 @? 	 A 	(; 	9= 	   B"1 B3'	   23C	D5  E 	"  t   E 	"  t − Rc(t)  F 
G = {g ∈ C1b (IR
+) : g(0) = 0}
3<1 
C1b (IR
+)
	("1 G     B=2    ;    	 
3'	H"1*=2   & .	"' E 	"'$I   ';    	 7 gc ∈ G, c = 1, . . . d
〈gc,Mc(t)〉 − 〈gc,Mc(0)〉
=
∫ t
0
[ 1
Rc(s)
〈
dgc(w)
dw
,Mc(s, dw)〉
(i²¥i\©
+ 〈(gc(w/2)− g(w))v,Mc(s−Rc(s), dv; s, dw)〉
(1− Ṙc(s))
Rc(s−Rc(s))
K(s−Rc(s))
]
ds.
=
∫ t
0
[ 1
Rc(s)
〈
dgc(w)
dw
,Mc(s, dw)〉
+ 〈(gc(w/2)− g(w)), e(s, s−Rc(s), w)Mc(s, dw)〉
(1− Ṙc(s))
Rc(s−Rc(s))
K(s−Rc(s))
]
ds.
J ù0ö J ý
 
	 
=
∫ t
0
[ 1
Rc(s)
〈
dgc(w)
dw
,Mc(s, dw)〉+
1
Rc(s−Rc(s))
K(s−Rc(s))(1− Ṙc(s))
(i²å©
·〈gc(w), e(s, s−Rc(s), 2w) ·Mc(s, 2dw)− e(s, s−Rc(s), w) ·Mc(s, dw)〉
]
ds.
3<1 
〈gc,Mc(t)〉 =
∫∞
w=0 gc(w)Mc(t, dw)
- 3<1 
Rc(t) = Tc+Q(t−Rc(t))/L
 
3<1 
e(s, s−Rc(s), w) = 〈v,
Mc(s−Rc(s), dv; s, dw)
Mc(t, dw)
〉
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w
 
 2'$"1 : ; 	D5   '$>% !!  ; 	  	(; 	   	" 	" Q(t) . 	  ;	 %
dQ(t)
dt
=
d
∑
c=1
∫
w
wMc(t, dw)
(1−K(t))
Rc(t)
− L
(i²å©
−
(
d
∑
c=1
〈w,Mc(t, dw)〉
(1−K(t))
Rc(t)
− L
)+
χ{Q(t) = qmax}
+i² ¸©
−
(
d
∑
c=1
〈w,Mc(t, dw)〉
(1−K(t))
Rc(t)
− L
)−
χ{Q(t) = 0}).
(i²å©
 
0 < Q(t) < qmax
-
K(t) = F (Q(t)) 
3<1 
Q(t) = qmax
 -
K(t)
	((  ; 	   =;
d
∑
c=1
〈w,Mc(t, dw)〉
(1−K(t))
Rc(t)
= L.
oo+sefµ§Ìe
gc(0) = 0
qtewx+b]qtx
gc(w)→ 0
qOo
w →∞
­®hrqtÃ{hg­~{+§¥xh:(i²å©~qOo
〈gc,Mc(t)〉 − 〈gc,Mc(0)〉
=
∫ t
0
[
−
1
Rc(s)
〈gc(w),
Mc(s, dw)
dw
〉+
1
Rc(s−Rc(s))
K(s−Rc(s))(1− Ṙc(s))
·〈gc(w), e(s, s−Rc(s), 2w) ·Mc(s, 2dw)− e(s, s−Rc(s), w) ·Mc(s, dw)〉
]
ds.
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
­~behg{h Mc(s,dw)
dw
§¨ox+beh(e{hp,behgx?hg{+§¥ªOqtx+§¥ªh³|t¶x+beh³fKhrqOo+s{h
Mc
­~§¥x+bÃ{hpo+)hpgxx|
w
²®®|Ov´
ohpº¸sehg¸x+¤¥y»
dMc(t)
dt
= −
1
Rc(t)
Mc(t, dw)
dw
+
1
Rc(t−Rc(t))
K(t−Rc(t))(1− Ṙc(s))
(i²   ©
· (e(t, t−Rc(t), 2w)(Mc(t, d(2w))− e(t, t−Rc(t), w)Mc(t, dw))
]
.
¹ 	Rhpgx+§¨|O:v²åv²å!§¥ÃÁ¥i¯Âe­®hcfjqOhq!o+fK|¸|Ox+bjqte{|ruR§¥fjqtx+§¨|Ojx|
e(t, t−Rc(t), w)
«]qOohp
|OEx+beh=¶ÎqOgxxb]qtx6|Oehµla~aÄ§¥$xbeh=]qOo+x³x+behµ­~§¥e|\­ o§¥¼rh=­cqOofK|ox¤¥§¥°hg¤¥yÏx+behKgs{+{hg¸x
­~§¥e|\­4o§¥¼rhfµ§¥¸seo~|Oeh|O{®x¹­~§¨phx+behgs{+{,h¯Rxc­~§¥e|\­4o+§¥¼rh?§Ì¶q6¤¨|oo­~qOo®eh¯x,hggxhp#§¥Hx+beh
§¥¸xhg{+§¥fÃ²  .§¥x+bÏx+b§¨o!qt{|ruv§¥fjqtx+§¨|OÅ­®h6seohpY(i²   ©x|:hgª|O¤¥ªh"qjv§¨og{hgxh=qt{|ruR§¥fjqtx+§¨|O
|t¶6x+behÏfKhrqOo+s{h
Mc
¡h¯uvphgxÅÁ¥igÂ!|O¤¥y x+{hrqtxo#|Oeh
g¤½qOoo¯©¯²;acbehÏ¸sfKhg{+§¨rqt¤!{hpo+s¤¥xowqt{h
h¯uphg¤¥¤¨hg¸x"q`¶¡xhg{6|OehKp|O{+{,hggxo6¶¡|O{³x+behµ¶ÎqOgx6x+b]qtx"q#{|O)|O{+x+§¨|OY|t¶cx+behjp|Oehpgx+§¨|Oeo§¥Nqt
+?ehgxjo+§¥fs¤½qtx+§¨|O qt{h#§¥ x+§¥fKhp|OsxÏ¡|Os{µfK|¸hg¤?qOoo+sfKhpoKp|Oehpgx+§¨|OeoK§¥eo+x,qt¸x,qtehp|Oseo¤¥y
{hpo+sfKh³p|Ohpox+§¨|OÏqrª|O§¨eqteph³§ ¶x+behgy:¶¿qt¤¥¤T§¥¸x|µx+§¥fKhp|Osxí©¯²
a0|#§¥¤¥¤¥seo+x+{,qtxh=x+beh"fKhrqtÅË]hg¤¨
¤¥§¥fµ§¥x­®h")hg{(¶¡|O{fKhg¦qt +?ehgx³o+§¥fs¤½qtx+§¨|O$­~§¥x+b
N =
200
»
N = 400
qte
N = 800
o,|Os{phpor²cqO,b
o|Os{ph6o,hgeo]qO,°hgxo|t¶>o+§¥¼rh
536
«¸yRxhpox|
qwa#{|Osxhg{³­~§¥x+bYqHx+{,qteo+fµ§¨o,o+§¨|OE{,qtxhK|t¶ce²O   À
hgqt«§¥xo³)hg{6o,hpg|O]E|O{
L = 10433]qO,°hgxoK)hg{:ohpp|OeT²  ¦hÉqOoo+sfKhwx+behÉo|Os{phpo:qt¤¥¤b]qrªhÉqÅx+{íqteo+fµ§¨oo+§¨|O hg¤½qry |t¶µir
fµ§¥¤¥¤¥§¨ohpp|Oeor²?acb]h6{|Osxhg{§¥fµ¤¨hgfKhg¸xo!l?> ­~§¥x+b
pmax = 0.05
¶Î|O{qt¤¥¤0x+beh"o+§¥fs¤½qtx+§¨|Oeo
«sx­®h"{hporqt¤¨h
Qmax
x|H«)h
1000
­~§¥x+b
200
o|Os{phpor»
2000
­§Ìxb
400
o|Os{phpo³qte
4000­~§¥x+b
800
o|Os{phpo\² 	¸§¥eph
Qmax
orqt¤¨hpo"­§Ìxb
N
»x+behwqrªhg{,qth#º¸sehgsehHo+§¥¼rhH|¸hpoKqOo"­®hg¤¥¤
­~b§¥¤¨h!b]|O¤¥§Ìeµx+beh!¤¨|ooc{,|O«]qt«§¥¤¥§ÌxÍy:ËuhpH­~b§¨,bÃ§¥wx+s{+wbe|O¤¨o~x+beh³qrªhg{,qth!­§Ì]|\­ o+§¥¼rh
ËuhpT²?o
N
§¥eg{hrqOohpo­®h®o,hph£x+beh·esegx+s]qtx+§¨|Oeo§¥"x+beh®{hg¤½qtx+§¥ªhcº¸sehgseh®o+§¥¼rh!W§¥=]qO,°hgxo)hg{
p|Oehpgx+§¨|O2©!hpg{hrqOohpor²  Eh=qt¤¨o,|Hohphx+beh"{hg¤½qtx+§¥ªh=º¸sehgseh=o+§¥¼rh"|t¶£x+beh=ÀÅqtx+¤½qt«Å¸sfKhg{+§¨rqt¤
o+§¥fs¤½qtx+§¨|OÉ§¨oq=«§¥x~b§¥bJ²£acb§¨o~§¨o~«)hprqtseo,h³|t¶x+§¥fKhp|OsxoqOov§¨ogseo,ohp#§¥¦Á¥i¯Âï²
hg§¥x+behg{
Mc(t, dw)
|O{
Mc(s − Rc(s), dv; s, dw)
§¨o³qHox,qtxh"«sxx+behKqt«)|\ªh=hpº¸s]qtx+§¨|O
|¸hpo~{|\ªR§¨hhge|Osbw§¥v¶Î|O{+fjqtx+§¨|OÃx|µhgª|O¤¥ªhx+behoyRo+xhgfÃ²  hgx
µc(t)
hge|Oxhx+beh!{|¸phpoo
{Mc(s, dw); t − 1 ≤ s ≤ t}
Îqt¤¥¤la~a  oqt{hK¤¨hpoo³x+b]qt
1
©¯² %o+§¥N(i²¥i\©!­®hKrqtNhgª|O¤¥ªh
Mc(t, dw)
¶¡{|Of
t
x|
t + δt
­~b§¥¤¨h
Mc(t − s + δt, dw)
§¨oH|O«x,qt§¥ehp.«¸y qEx+§¥fKh
ob§Ì¶Wxr²
%?v¶¡|O{+x+s2qtxhg¤Ìy
µc
§¨oje|Ox:{,qOgx+§¨rqt¤!o+x,qtx,hO² ªhg §Ì¶³­®hÏv§¨og{hgx+§¥¼rhÅqte |O¤¥y °hphg x+beh
x+{,q`}+hpgx|O{+y=|t¶x+behc{|¸phpo,o>|O:q]qt{+x+§¥x+§¨|Oj§¥ª¸§¥
{Mc(si, dw); t−1 = s0 < s1 . . . sn = t}§¥xo+x+§¥¤¥¤T{hpº¸s§¥{hpox|¸|µfse,bÉp|Ofµsxhg{fKhgfK|O{+y#x|µo|O¤¥ªh!¸sfKhg{+§¨rqt¤¥¤¥y²
 ¦h
rqt qrª|O§¨.x+b§¨oH{|O«¤¨hgf «¸y h¯Ëe§¥qNo,hpºsehgephÅ|t¶x+§¥fKhpo
tck
¶Î|O{#hrqO,b4g¤½qOo,o
o+se,b
x+b]qtx
tck+n+1 − Rc(t
c
k+n+1) = t
c
k
² ï¶>­®h6§¨,°
n
o+sjg§¨hg¸x+¤¥yÉ¤½qt{+hx+b§¨o§¥ªhpo!qKËeeh
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x+behÃp|Ohpo+x+§¨|O.qrª|O§¨eqtephwb]qOo,h»£x+b]hwp|Oehpgx+§¨|O ­~§¥¤¥¤|$§¥¸x|$x+§¥fKhp|Osxr²s{+§¥Ex+beh
o+¤¨|\­c´ïox,qt{+xb]qOohx+behp|Oehpgx+§¨|OÏ§¨ohpog{+§¥«)hpÃ«¸y:x+beh­~§¥e|\­;o+§¥¼rh³qteÃoox+b{hpo+bJ²
~xqt¸y=x+§¥fKh
t
q³phg{+x,qt§¥je{|O)|O{+x+§¨|OH|t¶Tx+beh
N
p|O]hggx+§¨|Oeo®­~§¥¤¥¤]«)h§¥jhrqO,b:b]qOoh²)¹
x+behµfKhrqtv´ÎË]hg¤¨E¤¥§¥fµ§¥x³x+behpohµ{|O)|O{+x+§¨|Oeo6­~§¥¤¥¤>p|O¸ªhg{+hµx|weh¯x,h¯{fµ§Ìe§¥ox+§¨µ¶W{,qOgx+§¨|Oeo\²  ¦h
­~§¥¤¥¤e|Ox6o+be|\­ x+b§¨o!behg{h² ïÅ¶ÎqOgx­®h=­~§¥¤¥¤>o+§¥fµ¤¥yÏ§¥e|O{,hKqt¤¥¤x+behµo)hpg§½qt¤>hgx,qt§¥¤¨o³|t¶¶¿qOo+x
{hpp|\ªhg{+y#qte#x+§¥fKhp|Osxoo|=­®h|Ofµ§¥x~x+beh¶¿qO¯x,|O{o
SNn (t)
qte
U(WNn (t
−))
²£®|Oeohpº¸sehg¸x+¤¥y
­®h6qOoo+sfKhx+beh­~§¥e|\­ohgª|O¤¥ªh³qOo
dWNn (t) =
1
RNn (t)
dt−
WNn (t
−)
2
dNn(Λ
N
n (t)),
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WNn (0) = wn(0)
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n = 1, . . . , N
o+)hpg§ÌË]hpT²
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wn(0)
 
0 ≤ wn(0) ≤Wmax
 
+ 
lim supN→∞
1
N
∑N
n=1
1
wn(0)2
≤ µ(0).
 1 	( 	( ?  ; ,   1  	   /8;  	  .	   
	  3         ;
	    % ;; 	 0 2'$	     =;   E"1 3'	""1&	  .230!>;0;G 
   1    	 .	   	" 
Tn
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Tmin ≤ Tn ≤ Tmax
 0 
n
 
 
QN (0) = q(0)
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a(t)
ïÕ K  ÑÉÔ Ö ÕRÔ  
Ñ vK   Ñ  {|Of oo+sfµx+§¨|O¦i\©¯»
a(t) :=Wmax +
t
Tmin
≥ wn(0) +
t
Tn
≥WNn (t)
qtxjhgªhg{+yYx+§¥fKh
t
² acbehwox|¸,b]qOo+x+§¨w§¥¸xhgeo+§¥x¹yN¶Î|O{µx+behÃz|O§¨oo|O )|O§¥¸xK{|¸phpo,oK|t¶!¤¨|oohpo
|t¶³g|Oeehp¯x§¥|O
n
§¨o
λNn (s) ≤ a(s)/Tmin =: λ(t)
¶¡|O{:qt¤¥¤
0 ≤ t ≤ T
²Æ®|Oeohpºsehg¸x+¤¥y
ΛNn (t) ≤ Λ(t)
­~behg{h
Λ(t) =
∫ t
0 λ(s)ds
²
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Ñ   EhqOoo+sfKhc]qO,°hgxob]qrªh~hpºs]qt¤efKhrqtKo§¥¼rhpo
|t¶
1
eqtx,q"s§¥xr²' ¦hqt¤¨o|KqOoo+sfKhxb]qtxcxbeh§¥eox,qt¸x,qtehp|Oseo­~§¥e|\­ qte#x+b{|Osb¸x+sxqt{h
¤¥§¥°hpK«¸yKq  §¥x+x+¤¨hxÍy¸)h~¶Î|O{+fs¤½qv²Ê?hgeph»¶Î|O{
Q(t) < qmax
»
KN (t) = F (QN (t))
qtejx+beh
J ù0ö J ý
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 ii
{,qtxh³|t¶,b]qth³|t¶x+beh!·es§¨w«sv±hg{§¨o~§¥ªhgÃ«¸y
N
dQN (t)
dt
=
N
∑
n=1
WNn (t)
RNn (t)
(1−KN (t))−NL
−
(
N
∑
n=1
WNn (t)
RNn (t)
(1−KN (t))−NL
)+
χ{QN (t) = qmax}
+
(
N
∑
n=1
WNn (t)
RNn (t)
(1−KN (t))−NL
)−
χ{QN (t) = 0}
o+§¥ephÅxbehÅ{|O)|O{+x+§¨|O
KN (t) := F (QN (t))
|t¶"x+beh
·es§¨4§¨ow¤¨|o+xr²acbehEohpp|OeÆxhg{+f
{hgªhg¸xo£x+behº¸sehgseh~¶W{,|Of h¯uphphpv§¥
qmax
­~b§¥¤¨hx+behx+b§¥{j{hgªhg¸xo£x+behº¸sehgseho+§¥¼rh~¶W{|Of
«)hpp|Ofµ§¥Åehgqtx+§¥ªh² ïYh¯±hpgxx+b]h:ºsehgseh:rqt¬o+x+§¨,°¦qtx
0
s¸x+§¥¤cqÉo+sjg§¨hg¸x"¸sf«)hg{=|t¶
p|Oehpgx+§¨|Oeo§¥eg{hrqOo,hx+behg§¥{­~§¥e|\­;o+§¥¼rh²
§¥ªR§¨v§¥K«¸y
N
§¥ªhpo
dQN (t)
dt
=
1
N
N
∑
n=1
WNn (t)
RNn (t)
(1−KN (t))− L
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−
(
1
N
N
∑
n=1
WNn (t)
RNn (t)
(1−KN (t))− L
)+
χ{QN (t) = qmax}
¿v²  ©
+
(
1
N
N
∑
n=1
WNn (t)
RNn (t)
(1−KN (t))− L
)−
χ{QN (t) = 0},
­~§¥x+b
QN (0) = q(0)
²
ï¶
QN (t)
­®hg{h#x|$h¯uvphphp
qmax
x+behg x+beh#¤¨|o,o={,qtxh#§¨o
100%
o|
§¥¬¶¿qO¯xµx+behwº¸sehgseh
}(§¥x+xhg{oqtx
qmax
qtew­~b§¥¤¨h
QN (t) = qmax
x+beh¤¨|oo~{,qtxh§¨o
KN (t)
­~behg{h
(1−KN (t))
1
N
N
∑
n=1
WNn (t)
RNn (t)
= L
|Oxh³x+b]qtx
(1 −KN (t)) ≥ 1 − pmax
qOo¤¨|O#qOo
QN (t) < qmax
² ï¶
QN (t) = qmax
x+behg
(1−KN (t)) ≥ LTmin/a(t)
²§¥x+behg{­cqryH­®hb]qrªh
(1−KN (t)) ≥ (1− kmax) > 0
²
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Ñ  ¾chprqtseoh~|t¶2x+beh ) + qOoosfµx+§¨|OJ»
RNn
»
x+beh³la~a |t¶p|Oehpgx+§¨|O
n
»o+be|Os¤¨Ãoíqtx+§¨o(¶Wy
RNn (t) = Tn +Q
N (t−RNn (t))/L,
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­~behg{h
Tn
§¨ox+beh:{|O]qtqtx+§¨|O hg¤½qry$¶¡{|Of o,|Os{ph
n
x|Éx+behHhpo+x+§¥]qtx+§¨|O qte¦«]qO,°² ¹
x+b§¨orqOo,h6qt¤¥¤Jx+beh6hg¤½qry#§¨o?q`¶Wx,h¯{x+beh³{|Osxhg{«sx|O]h³rqtÉ§¥fjqt§¥eh6|Ox+behg{?o,phg]qt{+§¨|o­~be§¥,b
­®|Os¤¨Ïqt¤Ìx,h¯{x+b§¨ohpº¸s]qtx+§¨|OJ²
 ¦hHp|Os¤¨¬h¯Ëeeh
φNn (s)
x|Ï«)h:x+beh:¶¡sx+s{h:{|OseYx+{+§¥¬x+§¥fKhH­~{+§¥x+xhg¬§¥¸x|$qÉ]qO,°hgx
¤¨hrqrªR§¥:x+beh"o|Os{ph"qtxx+§¥fKh
s
² e|O{x+beh"qt«)|\ªhophg]qt{+§¨|
φNn (s) = Tn + Q
N (s)/L
² |Oxh
x+b]qtx³§Ì¶
s + φNn (s) = t
x+behg
RNn (t) = t − s
² ¤¨o|#e|Oxhµx+b]qtx
s + φNn (s)
§¨ofK|Oe|Ox|O§¨
Îqtewbehgeph
RNn
§¨o~­®hg¤¥¤1h¯Ëeehp]©c«)hprqtseohx+beh³hg{+§¥ªqtx+§¥ªh»e§Ì¶
QN (t) < qmax
»v§¨o
1 +
1
L
dQN (s)
ds
= 1 +
1
L
(
1
N
N
∑
n=1
WNn (t)
RNn (t)
(1−KN (t))− L
)
≥
1
L
1
N
N
∑
n=1
WNn (t)
1
Tmin
(1− kmax).
acb§¨o~§¨oc)|o+§¥x+§¥ªhs¤¨hpooqt¤¥¤Tx+beh­~§¥e|\­ o+§¥¼rhpoqt{h!¼rhg{|Kqte#x+b§¨o~b]qOoc{|O«]qt«§¥¤¥§¥x¹yH¼rhg{|²ï¶
QN (t) = qmax
x+behgÃx+beh³hg{+§¥ªqtx+§¥ªh§¨o|Oeh²
|Oxhx+b]qtx«¸y:x,qt°R§¥Kx+beh³hg{+§¥ªOqtx+§¥ªh³|t¶~Îv²¥ir©c­®h!hgx
(1− ṘNn (t)) =
1
1 + Q̇N (t−RNn (t))/L
= L
(
N
∑
n=1
WNn (t)
RNn (t)
(1−KN (t))
)−1
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d
g¤½qOoohpo|t¶~p|Oehpgx+§¨|Oeo
Kc
»
c = 1, . . . , d
qteKqt¤¥¤]p|Oehpgx+§¨|Oeo>§¥jg¤¨qOo,o
c
b]qrªhcx+beh~oíqtfKhcx+{,qteo+fµ§¨oo+§¨|OKx+§¥fKh
Tc
²Êhgeph
RNn = R
N
c
¶Î|O{?qt¤¥¤
n ∈ Kc
²  Eh³­~§¥¤¥¤qt¤¨o|:qOoo+sfKh³x+beh³{|O)|O{+x+§¨|O
|t¶x+beh
N
p|Oehpgx+§¨|Oeo
§¥Ég¤½qOoo
c
§¨o
κNc
²'¹ÉqOv§¥x+§¨|OÉx| ?oosfµx+§¨|Oeo³i!­ch³qOoosfKh
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
c = 1, . . . , d
2
N →∞
 
#  F 
µNc (0)
=  "1 B1 	 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c
-
µNc (0)
 '$9% B3     µc(0) / N → ∞ - 3<1 "1   . 0;  
µc(0)
	(    A  E   [0,Wmax]
 
J ù0ö J ý
 
	 ir
CÑ 
0 ÑÓ   
 Ñ Ö   Õ  Ñ r acbehjo+yRoxhgf7Îv²©¯»®Îv²å©rqtE«)hKo|O¤¥ªhp$]qtx+b¸­~§¨ohµ¶W{|Of
}(sfµÃ)|O§¥¸xx|}ÍsefµÃ)|O§¥¸xr²#¹É|O{hg{x|Kox+sevyHx+beh³¤¥§¥fµ§¥x+§¥:«)hgb]qrª¸§¨|O{|t¶x+beh6o+yvo+xhgfÇqOo
x+beh=¸sf«)hg{³|t¶®p|Oehpgx+§¨|Oeo
N
|¸hpo!x|#§¥vËe§¥x¹y»T­®h=­~§¥¤¥¤Ëe{oxh¯Ëeehµhgfµ§¥{+§¨rqt¤>{|¸phpoo
¡ohph³!q\­o|OEÁ ÂW©®|t¶x+be|oh³p|Oehpgx+§¨|Oeo§¥Ég¤½qOoo
KcN
²]|O{qt¸y#¾c|O{hg¤1ohgx
A
h¯Ëeeh
MNc (t, A) :=
1
κNc N
N
∑
n=1
χA(W
N
n (t))χ{n ∈ Kc}
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x|#«)h=x+behKqOo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g§¨qtx,hg${|O«]qt«§¥¤¥§¥x¹y¸´¿fKhrqOo+s{h¯´ïªOqt¤¥sehrE{|¸phpoox,qt°R§¥wªOqt¤¥sehpo§¥
M1(IR
+)
»
x+beh?ohgx|t¶J{|O«]qt«§¥¤¥§¥x¹yKfKhrqOo+s{hpo®|O
IR+ = [0,∞)
¶Ws{+§¨obehpK­~§¥x+b:x+behx|O)|O¤¨|Oyj|t¶T­®hrqt°
p|O¸ªhg{+hgeph²
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   hgx
〈g, µ〉 =
∫
g(w)µ(dw)
qte
〈Id, µ〉 =
∫
wµ(dw)
o|
mc(s) := 〈Id,M
N
c (s)〉 =
1
κNc N
N
∑
n=1
WNn (s)χ{n ∈ Kc}.
acbehgw¶Î|O{hrqO,bÉg¤½qOoor»
〈g,MNc (t)〉 − 〈g,M
N
c (0)〉
=
1
κNc N
N
∑
n=1
χ{n ∈ Kc}
∫ t
0
[
dgc
dw
(WNn (s))
1
RNc (s)
+
(
gc(W
N
n (s
−)/2)− gc(W
N
n (s
−))
)
dNn(Λn(s))
]
ds
¹ 	Rhpgx+§¨|O   »T­®h=p|Oeo§¨hg{x+beh=¤¥§¥fµ§¥x³|t¶®x+behKqt«)|\ªhKqOo
N
|¸hpox|#§¥vËe§¥x¹y
x|#|O«x,qt§¥Nqt
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  ]|O{
QN (t) < qmax
»
KN (t) = F (QN (s))
qte
QN (t)−Q(0)
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=
∫ t
0
[
d
∑
c=1
κNc 〈Id,M
N
c (s)〉
(1−KN (s))
RNc (s)
− L
−
(
d
∑
c=1
κNc 〈Id,M
N
c (s)〉
(1−KN (s))
RNc (s)
− L
)+
χ{QN (t) = qmax}
+
(
d
∑
c=1
κNc 〈Id,M
N
c (s)〉
(1−KN (s))
RNc (s)
− L
)−
χ{QN (s) = 0}

 ds
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­~behg{h
RNc (t) = Tc +Q
N (t−RNc (t))/L,
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QN
}(§¥x+xhg{oqtx
qmax
x+behgÃx+beh¤¨|oo~{,qtxh
KN (t)
§¨o~§¥ªhgÃ«¸y
d
∑
c=1
κNc 〈Id,M
N
c (t)〉
(1−KN (t))
RNc (t)
= L
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hpº¸sehgeph
{Nn(t);n = 1, . . .}
|t¶]§¥ehg)hgehg¸x
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MN (t) ≡ (MN1 (t), . . . ,M
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qte$«s§¥¤¨$x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Q(t) < qmax
-
K(t) = F (Q(t)) 
Q(t)−Q(0)
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∫ t
0
[
d
∑
c=1
κc〈Id,Mc(s)〉
(1−K(s))
Rc(s)
− L
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∑
c=1
κc〈Id,Mc(s)〉
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− L
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∑
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 ds.
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∑
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∑
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∑
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∑
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
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∑
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∑
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∑
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(1− ṘNn (s))
WNn (s−R
N
n (s))
RNn (s−R
N
n (s))
F (QN (s−RNn (s)))
]
ds
≥
t
Tmin + qmax/L
−
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J ù0ö J ý
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 ¦h=pqtÅ¶¡|O{ph"x+beh=º¸sehgseh"x|H«)h=hgxhg{+fµ§¥§¨o+x+§¨=«¸yÏp|Oeo+§¨hg{+§¥Ãx+beh"fK|¸v§ÌË]hp$o+yvo+xhgf
Îqtqt§¥Éehg¤¨hpgx+§¥j«)|Oseeqt{+y#xhg{+fKoí©  
dQN (t)
dt
=
d
∑
c=1
[κNc E(N
A
c (t))E〈Id,M
N
c (t)〉+ κ
N
c E(N
S
c (t))E〈Id, S
N
c (t)〉]− L
acbehw­~§¥e|\­Èhpºs]qtx+§¨|Oeoµ¶Î|O{=x+beh#fK|¸v§ÌË]hpo+yvo+xhgfqt{h#sep|Os¤¨hp qOoµ«)h¯¶¡|O{h²  Ehwrqt
qtqt§¥Å§¨,°Éo+s«eohpº¸sehgephpo!o|jx+b]qtx
QN (t)
p|O¸ªhg{+hpoqte
x+behgÏ¶Ws{+x+behg{o+s«eohpº¸sehgephpoo,|
x+b]qtx
E(NAc (t))
»
E(NUc (t))
qte
E(NSc (t))
p|O¸ªhg{+h²o~«)h¯¶¡|O{hx+beh¤¥§¥fµ§¥x+§¥:oyRo+xhgf §¨o
§¥w¶ÎqOgx?q=o+x+{|Ojo|O¤¥sx+§¨|OÉx|=x+beh³h¯uvxhgehpÃo+yvo+xhgfÃ²
   "	 !%"3]3 
3e'])A3],%³'2	,3
 ¦h³b]qrªh6p|Oeox+{+segxhpÅqKox+{|OHo|O¤¥sx+§¨|O
(W,R, Q,M)
x|
Îv²¥ir©?qteYÎv²¥i ©¯² Eh³Ëe{o+x
{|\ªhÉx+b]qtx:x+behÏo+yvo+xhgf
WN , QN ,MN
p|O¸ªhg{+hpo:x|¦x+b§¨oHo+x+{|OYo,|O¤¥sx+§¨|O s x|¦x+beh
o+x|O§¥x+§¥fKh>­~behg
Q
Ëe{o+xJ{hrqO,behpo
0
|O{
qmax
²  ¦hx+behg{h¯¶¡|O{h£ox,qt{+xJ­~§¥x+b³xbeh£qOoo+sfµx+§¨|O  
, QN (0) = q(0)
­~behg{h
qmin < q(0) < qmax
²
!h¯Ëeeh
ρ
x| x+beh ¡hgxhg{+fµ§¥§¨o+x+§¨\©Ãx+§¥fKhE­~behg
Q(t)
Ëe{o+xÃb§¥xo
0
|O{
qmax
qte h¯´
Ëeeh
ρN
x| x+beh¦o+x|O§¥x+§¥fKhE­~behg
QN (t)
Ë]{o+xÃb§¥xo
0
|O{
qmax
²<h¯ËeehExbehEv§¨o(´
x,qtephK«)hgx¹­chghgNx+behKx+behKfjqt{+§¥]qt¤{|¸phpoo
WN (t) ≡ (WN1 (t), . . .W
N
N (t))
»
QN (t)
qte
MN (t) ≡ (MN1 (t), . . . ,M
N
d (t)))
²Nqte¬x+behH¤¥§¥fµ§¥xµ{|¸phpo,ohpo=s¬x|Åx+beh#o+x|O§¥$x+§¥fKh
ρ ∧ ρN
²']|O{qtRy
t ≤ ρ
h¯Ëeeh
||WN (t ∧ ρN )−W(t ∧ ρN )|| =
1
N
N
∑
n=1
E sup
0≤τ≤t∧ρN
|WNn (τ)−Wn(τ)|
­~behg{h
τ
§¨oq=o+x|O§¥jx+§¥fKh­~§¥x+bÃ{hpo+)hpgxx|
Ft
²!h¯Ëeeh
DN (t) ≡ E sup
τ≤t∧ρN
|QN (τ)−Q(τ)|+ ||WN (t)−W(t)||.
 ¦h#­~§¥¤¥¤hpo+x,qt«¤¥§¨o+b q{|O¸­cqt¤¥¤§¥ehpºs]qt¤¥§¥x¹y  
DN (t) ≤ BN + C
∫ t
0 DN (s)ds
¶Î|O{
t ≤ ρ­~behg{h
BN < ε
¶Î|O{
N
o+sjphg¸x+¤¥yÏ¤½qt{+h"­~behg{h
ε
§¨oqt{+«§¥x+{,qt{+§¥¤¥yÅo+fjqt¤¥¤>qte
­~behg{hK ­§Ì¤¥¤
«)hqrqte|O§¨rqt¤2p|Oeo+x,qt¸x£x+b{|Osbe|Osxx+b§¨o£rqt¤¥gs¤½qtx+§¨|OJ²¹x­~§¥¤¥¤ex+behgj§¥fµfKhpv§½qtxhg¤¥y=¶¡|O¤¥¤¨|\­o
x+b]qtx
limN→∞DN (t) = 0
|O
[0, T ]
²
ö0öÈÞ0/vþ1gÿ.2
t         0     $ 	 
acbe§¥o?­~§¥¤¥¤1fKhrqtÏx+b2qtx
QN (t)
­~§¥¤¥¤p|O¸ªhg{+h6§¥Ï{|O«]qt«§¥¤¥§¥x¹yÃx|
QN (t)
§¥Éx+beh6s§Ì¶¡|O{+f
e|O{+f qte:xb]qtx
ρN
p|O¸ªhg{+hpo®x|
ρ
§¥H{|O«]qt«§¥¤¥§¥x¹y²À
|O{hp|\ªhg{r»
MNc (t)
p|O¸ªhg{+hpo®­®hrqt°R¤¥y
x|
Mc(t)
¶Î|O{qt¸y
t ≤ ρ
o§¥eph¶Î|O{qt¸y  §¥eo,b§¥x+¼³¶¡segx+§¨|O
g
lim sup
N→∞
|E〈g,MNc (t)〉 − E〈g,Mc(t)〉|
= lim sup
N→∞
|E
[
1
κNc N
N
∑
n=1
g(WNn (t))χ{n ∈ K
c} − lim
N→∞
1
κNc N
N
∑
n=1
g(Wn(t))χ{n ∈ Kc}
]
|
≤ lim sup
N→∞
|
1
κNc N
N
∑
n=1
E
[
g(WNn (t))− g(Wn(t))
]
χ{n ∈ Kc}|
≤ lim sup
N→∞
1
κNc N
N
∑
n=1
E|g(WNn (t))− g(Wn(t))|
≤ Cg lim sup
N→∞
1
N
N
∑
n=1
E|WNn (t)−Wn(t)|
­~behg{h
Cg
§¨o~x+beh  §¥eo,b§¥x+¼p|Oeo+x,qt¸x§ÌªR§¨hpw«¸y
min{κcN}
»
≤ Cg||W
N (t)−W(t)|| → 0.
	¸§¥eph6x+beh³hpº¸s]qtx+§¨|OYÎv²¥ir©|O¤¥ywhg)hgeo?|O
〈Id,Mc(s)〉, c = 1, . . . , d
§Ìx­~§¥¤¥¤J¶¡|O¤¥¤¨|\­
x+b]qtx
QN (t)
p|O¸ªhg{+hpo>s§Ì¶Î|O{+fµ¤¥y"x|
Q(t)
qt¤¥fK|o+x£o+s{hg¤¥y²ÀÏ|O{,hg|`ªhg{
RNc (t)
­~§¥¤¥¤]p|O¸ªhg{+h
s§Ì¶Î|O{+fµ¤¥yÉx|
Rc(t)
² 	¸§¥eph"x+beh­~§¥e|\­ hpºs]qtx+§¨|OeoKÎv²¥i ©hg)hgeÅ|O
Q
qte
Rc
§¥x­~§¥¤¥¤
¶Î|O¤¥¤¨|\­ x+b]qtx~¶¡|O{qt¸y
n
»
WNn (t)
p|O¸ªhg{+hpos§Ì¶Î|O{+fµ¤¥yHx|
Wn(t)
qt¤¥fK|oxo+s{hg¤¥y²
 £Ñ  ¦   1 
2    E"1.  =E"1
QN (t)
 
Q(t)
   =  
C([0, T ], IR+)3<1 	  1 1 /  2      2 I 
   ÕTÕ 
acb]h!fK|¸vs¤¥seo?|t¶g|ORx+§¥¸s§¥x¹yw|t¶qµo,qtfµ¤¨h]qtx+bÉo,qtx+§¨o(Ë]hpo
w(δ) = sup
|s−t|<δ;0≤s<t≤T
|Q(t)−Q(s)|
≤ sup
|t−s|<δ;s,t≤T
∫ t
s
|
d
∑
c=1
κc
W c(s)
Rc(s)
(1− F (Q(s))− L|ds
≤ δsup0≤s≤T (
a(s)
Tmin
+ L)
≤ Cδ
J ù0ö J ý
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­~behg{h
C
hge|Oxhpo³q:p|Oeo+x,qt¸xr²	¸§¥eph
Q(0) = q(0)
x+beh"{hpo+s¤¥x?¶Î|O¤¥¤¨|\­o?¶W{|Of<x+beh ?{+¼rhg¤`´
op|O¤¥§Jacbehp|O{hgfÃ²£acbeh³oíqtfKh!{|¸|t¶­®|O{+°voc¶Î|O{
QN
²
 £Ñ  ¦   
0 ≤ s ≤ t ≤ T
- 3  1 2'$
sup
0≤s≤t
|RNn (s)−Rn(s)|, sup
0≤s≤t
|RNn (s−R
N
n (s))−Rn(s−Rn(s))|,
sup
0≤s≤t
|QN (s−RNn (s))−Q(s−Rn(s))|
 
sup
0≤s≤t
|F (QN (s−RNn (s)))− F (Q(s−Rn(s)))|
 =2    =;
Csup0≤s≤t|Q
N (s)−Q(s)|
 
   ÕTÕ 
acb]h
RNn (s)
»
RNn (s−R
N
n (s))
»
QN (s−RNn (s))
qte
F (QN (s−RNn (s)))
qt{h£g|ORx+§¥¸se|Oseo
¶¡segx+§¨|Oeo|t¶x+b]ho,qtfµ¤¨h]qtx+bÃ|t¶
QN
swx|=x+§¥fKh
s
­~b§¥¤¨h
Rn(s)
»
Rn(s−Rn(s)) Q(s−
Rn(s))
qte
F (Q(s−Rn(s)))
qt{h~x+beho,qtfKhp|O¸x+§¥¸se|Oseo>¶Wsegx+§¨|Oeo£|t¶x+beho,qtfµ¤¨h~]qtx+bj|t¶
Q
s"x|x+§¥fKh
s
²Ê?hgeph®«¸y  hgfµfjq=ix+behg{hch¯uv§¨o+xoq?p|Oeox,qt¸x
C
o+se,b=x+b]qtxx+beh§¥ehpº¸s]qt¤¥§¥x¹y
§¥Ãx+beh¤¨h¯fµfjqµbe|O¤¨or²>À
|O{hp|\ªhg{x+beh³o,qtfKh³p|Oeo+x,qt¸x­®|O{+°voc¶Î|O{qt¤¥¤
s ≤ t
qteÉqt¤¥¤
N
²
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!h¯Ëeeh
S
N
N (s) =
1
N
N
∑
n=1
WNn (s)
RNn (s)
=
d
∑
c=1
κNc
W
N
c (s)
RNc (s)
.
­~behg{h
W
N
c (s)
§¨oÏx+behYqrªhg{,qthN­~§¥e|\­¢o+§¥¼rhN|t¶:p|Oehpgx+§¨|OeoÅ§¥
Kc
qtfK|OÆx+behEËe{o+x
WN1 , . . .W
N
N
²!h¯Ëeeh
SN (s)
qt]qt¤¨|O|Oseo¤¥yH¶W{|Of
W
²>h¯Ëeeh
S(s) = limN→∞ SN (s)
²
E sup
0≤τ≤t∧ρN
|QN (τ)−Q(τ)|
≤ E sup
0≤τ≤t∧ρN
|
∫ τ
0
S
N
N (s)(1− F (Q
N (s))− S(s)(1− F (Q(s))ds|
≤ E sup
0≤τ≤t∧ρN
|
∫ τ
0
(
S
N
N (s)− SN (s)
)
(1− F (QN (s))ds|
+E sup
0≤τ≤t∧ρN
|
∫ τ
0
(
SN (s)− S(s)
)
(1− F (QN (s))ds|
+E sup
0≤τ≤t∧ρN
|
∫ τ
0
S(s)(F (QN (s))− F (Q(s))ds|
ö0öÈÞ0/vþ1gÿ.2
           0     $ 	 
Êhgeph»
E sup
0≤τ≤t∧ρN
|QN (τ)−Q(τ)| ≤ E sup
0≤τ≤t∧ρN
∫ τ
0
(
|
1
N
N
∑
n=1
[
WNn (s)
RNn (s)
−
Wn(s)
Rn(s)
]|
)
ds
+E sup
0≤τ≤t∧ρN
∫ τ
0
|SN (s)− S(s)|ds
+E sup
0≤τ≤t∧ρN
∫ τ
0
S(s)|F (QN (s))− F (Q(s))|ds
≤
∫ t
0
1
N
N
∑
n=1
E
(
sup
0≤τ≤s∧ρN
|
WNn (s)
RNn (s)
−
Wn(s)
Rn(s)
|
)
ds
+BN (1) +
∫ t
0
E
(
sup
0≤τ≤s∧ρN
S(s)|F (QN (s))− F (Q(s))|
)
ds
­~behg{h
BN (1) = E
∫ t
0 |SN (s)− S(s)|ds
²
h¯uvxr»
E
(
sup
0≤τ≤s∧ρN
|
WNn (s)
RNn (s)
−
Wn(s)
Rn(s)
|
)
Îv²å©
≤ E
(
sup
0≤τ≤s∧ρN
|WNn (s)−Wn(s)|
1
RNn (s)
]
)
+ E[
(
sup
0≤τ≤s∧ρN
|Wn(s)|
1
RNn (s)
−
1
Rn(s)
|
)
≤
1
Tmin
E
(
sup
0≤τ≤s∧ρN
|WNn (s)−Wn(s)|
)
+
a(s)
T 2min
E
(
sup
0≤τ≤s∧ρN
|RNn (s)−Rn(s)|
)
≤
1
Tmin
E
(
sup
0≤τ≤s∧ρN
|WNn (τ)−Wn(τ)|
)
+
1
T 2min
a(s)CE
(
sup
0≤τ≤s∧ρN
|QN (τ)−Q(τ)|
)
seo+§¥  hgfµfjqjv²
À
|O{hp|\ªhg{r»
E
(
sup
0≤τ≤s∧ρN
S(s)|F (QN (s))− F (Q(s))|
)
≤
a(s)
Tmin
LFE
(
sup
0≤τ≤s∧ρN
|QN (τ)−Q(τ)|
)
­~behg{h
LF
§¨o~x+beh  §¥eo,,b§¥x+¼6p|Oeox,qt¸x|t¶
F
²
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E
(
sup
0≤τ≤t∧ρN
|QN (τ)−Q(τ)|
)
≤
∫ t
0
1
Tmin
1
N
N
∑
n=1
E
(
sup
0≤τ≤s∧ρN
|WNn (τ)−Wn(τ)|
)
ds
+BN +
∫ t
0
1
T 2min
a(s)CE
(
sup
0≤τ≤s∧ρN
|QN (τ)−Q(τ)|
)
ds
+
∫ t
0
1
Tmin
LFa(s)E
(
sup
0≤τ≤s∧ρN
|QN (τ)−Q(τ)|
)
ds
≤ BN + C
∫ t
0
DN (s)ds
e{|Of Îv²¥i ©¯»
1
N
N
∑
n=1
E
(
sup
0≤τ≤t∧ρN
|WNn (τ)−Wn(τ)|
)
≤ E
(
sup
0≤τ≤t∧ρN
∫ τ
0
1
N
N
∑
n=1
E|
1
RNn (s)
−
1
Rn(s)
|ds
)
+
1
2
1
N
N
∑
n=1
E
(
sup
0≤τ≤t∧ρN
|
∫ τ
0
[
WNn (s
−)dNn(Λ
N
n (s))−Wn(s
−)dNn(Λn(s))
]
|
)
Ê|\­®hgªhg{
∫ τ
0
WNn (s
−)
2
dNn(Λ
N
n (s)) =
∫ τ
s=0
∫ ∞
u=0
WNn (s
−)
2
χ[0,λNn (s))(u)Nn(du, ds)
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­~behg{h
Nn
§¨o"qwo,hgº¸sehgephj|t¶~§¥§¨¦z|O§¨oo,|O¦{|¸phpoohpo|O
[0,∞)2
­§Ìxb¦§¥¸xhgeo+§¥x¹yE|Oeh:qte
λNn (s)
§¨o~xbehhg{+§¥ªqtx+§¥ªh³|t¶
ΛNn (s)
²®|Oeohpº¸sehg¸x+¤¥y
1
N
N
∑
n=1
E
(
sup
0≤τ≤t∧ρN
|
∫ τ
0
[
WNn (s
−)dNn(Λ
N
n (s))−Wn(s
−)dNn(Λn(s))
]
|
)
≤
1
N
N
∑
n=1
E
(
sup
0≤τ≤t∧ρN
∫ τ
0
∫ ∞
u=0
|WNn (s
−)χ[0,λNn (s))(u)−Wn(s
−)χ[0,λn(s))(u)|Nn(du, ds)
)
=
1
N
N
∑
n=1
E
(
∫ t∧ρN
0
∫ ∞
u=0
|WNn (s
−)χ[0,λNn (s))(u)−Wn(s
−)χ[0,λn(s))(u)|Nn(du, ds)
)
=
1
N
N
∑
n=1
E
(
∫ t∧ρN
0
∫ ∞
u=0
|WNn (s
−)χ[0,λNn (s))(u)−Wn(s
−)χ[0,λn(s))(u)|duds
)
≤
1
N
N
∑
n=1
E
(
∫ t∧ρN
0
|WNn (s
−)−Wn(s
−)|λNn (s) ∧ λn(s)ds
)
+
1
N
N
∑
n=1
E
(
∫ t∧ρN
0
|WNn (s
−) ∨Wn(s
−)| · |λNn (s)− λn(s))|ds
)
≤
∫ t
0
a(s)
Tmin
[
1
N
N
∑
n=1
E
(
sup
0≤τ≤s∧ρN
|WNn (τ)−Wn(τ)|
)]
ds
Îv²å  ©
+
1
N
N
∑
n=1
E
(
∫ t∧ρN
0
a(s)|λNn (s)− λn(s))|ds
)
Îv²å©
­~behg{h
λNn (s)
qte
λn(s)
qt{h¤¨hpoo~x+b]qt
(wn(0) + s/Tmin)/Tmin = a(s)/Tmin
²
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|λNn (s)− λn(s))|
≤ |WNn (s−R
N
n (s))−Wn(s−R
N
n (s))|
1− ṘNn (s)
RNn (s−R
N
n (s))
F (QN (s−RNn (s)))
+|Wn(s−R
N
n (s))−Wn(s−Rn(s))|
1− ṘNn (s)
RNn (s−R
N
n (s))
F (QN (s−RNn (s)))
+ |Wn(s−Rn(s))|
1
RNn (s−R
N
n (s))
−
1
Rn(s−Rn(s))
|(1− ṘNn (s))F (Q
N (s−RNn (s)))
+ Wn(s−Rn(s))
1− ṘNn (s)
Rn(s−Rn(s))
|F (QN (s−RNn (s)))− F (Q(s−Rn(s)))|
+ Wn(s−Rn(s))
1
Rn(s−Rn(s))
F (Q(s−Rn(s))|Ṙ
N
n (s)− Ṙn(s)|
Êhgeph»
|λNn (s)− λn(s))| ≤ |W
N
n (s−R
N
n (s))−Wn(s−R
N
n (s))|/Tn
Îv²åvi\©
+|Wn(s−R
N
n (s))−Wn(s−Rn(s))|/Tn
Îv²å©
+a(s)|RNn (s−R
N
n (s))−Rn(s−Rn(s))|/T
2
n
Îv²å©
+a(s)|F (QN (s−RNn (s)))− F (Q(s−Rn(s)))|/Tn
Îv²åt¸©
+
a(s)
Tn
|ṘNn (s)− Ṙn(s)|
Îv²å©
 ¦hfseo+x®«)|Ose
E
(
∫ t∧ρN
0 |λ
N
n (s)− λn(s)|ds
) o,|6­®hfseox«)|Ose:x+behh¯uv)hpgx,qtx+§¨|O
|t¶x+beh§¥¸xhg{,qt¤1|t¶hrqO,bÉ|t¶x+beh³qt«)|\ªhxhg{+fKor²>acbeh!Ëe{o+x6Îv²åvi\©~o,qtx+§¨o(Ë]hpo
E
(
∫ t∧ρN
0
|WNn (s−R
N
n (s))−Wn(s−R
N
n (s))|ds/Tn
)
≤
1
Tmin
∫ t
0
E
(
sup
0≤τ≤s∧ρN
|WNn (τ)−Wn(τ)|ds
)
ö0öÈÞ0/vþ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acb]ho,hpp|Oewxhg{+f Îv²å©®§¨o~«)|OsehpÃ«¸y
E
(
∫ t∧ρN
0
|Wn(s−R
N
n (s))−Wn(s−Rn(s))|ds
)
/Tn
≤ E
(
∫ t∧ρN
0
∫
[s−RNn (s)∧s−Rn(s),s−R
N
n (s)∨s−Rn(s)]
1
Rn(u)
duds
)
+
1
2
E
(
∫ t∧ρN
0
∫
[(s−RNn (s))∧(s−Rn(s)),(s−R
N
n (s))∨(s−Rn(s))]
Wn(u
−)dNn(Λn(u))ds
)
|Oxhx+b]qtx
∫ t∧ρN
0
χ{(s−RNn (s)) ∧ (s−Rn(s)) ≤ u ≤ (s−R
N
n (s)) ∨ (s−Rn(s))}ds
= (u+ φNn (u) ∨ φn(u)) ∧ (t ∧ ρ
N )− (u+ φNn (u) ∧ φn(u)) ∧ (t ∧ ρ
N ).
­~behg{h
φn(u) = Tn +Q(u)/L
qte
φNn (u) = Tn +Q
N (u)/LÊhgeph»
E
(
∫ t∧ρN
0
|Wn(s−R
N
n (s))−Wn(s−Rn(s))|ds
)
/Tn
≤
1
Tmin
E
(
∫ t∧ρN
0
|Rn(s)−R
N
n (s)|ds
)
+
1
2
E
(
∫ t∧ρN
0
|φNn (u) ∨ φn(u)− φ
N
n (u) ∧ φn(u)|Wn(u
−)λn(u))du
)
≤
1
Tmin
E
(
∫ t∧ρN
0
|Rn(s)−R
N
n (s)|ds
)
+
1
2
E
(
∫ t∧ρN
0
|φNn (u)− φn(u)|
a2(u)
Tmin
du
)
≤
C
Tmin
∫ t
0
E
(
sup
0≤τ≤s∧ρN
|Q(s)−QN (s)|
)
ds++
∫ t
0
1
2
a2(s)
TminL
E
(
sup
0≤τ≤s∧ρN
|QN (τ)−Q(τ)|
)
ds
≤ C
∫ t
0
E
(
sup
0≤τ≤s∧ρN
|QN (τ)−Q(τ)|
)
ds
­~behg{h
C
§¨o?q=p|Oeo+x,qt¸xr²
J ù0ö J ý
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a0|µ«)|OseÃx+beh!xb§¥{wxhg{+f Îv²å©
|RNn (s−R
N
n (s))−Rn(s−Rn(s))| ≤ C sup
τ≤s
|QN (τ)−Q(τ)|
«¸y  hgfµfjqjv²aqt°¸§¥jh¯uv)hpgx,qtx+§¨|Oeo§¥ªhpo
E
(
∫ t∧ρN
0
an(s)
T 2n
|RNn (s−R
N
n (s))−Rn(s−Rn(s))|
)
ds ≤ C
∫ t
0
E
(
sup
0≤τ≤s∧ρN
|QN (τ)−Q(τ)|
)
.
	¸§¥fµ§¥¤½qt{+¤¥y»ex|=«)|OseÃx+beh!¶¡|Os{+x+bÃxhg{+f Îv²åt¸©
a(s)
Tn
|F (QN (s−RNn (s)))− F (Q(s−Rn(s)))|
≤ C(|F (QN (s−RNn (s)))− F (Q(s−R
N
n (s)))|+ |F (Q(s−R
N
n (s)))− F (Q(s−Rn(s)))|)
≤ C sup
τ≤s
|QN (τ)−Q(τ)|+ C|RNn (s)−Rn(s)|
≤ C sup
τ≤s
|QN (τ)−Q(τ)|
«¸y  hgfµfjqjv²aqt°¸§¥jh¯uv)hpgx,qtx+§¨|Oeoobe|\­o~x+beh!¶¡|Ose{+x+bwxhg{+fÈ§¥o«)|Osehpw«Ry
C
∫ t
0
E
(
sup
0≤τ≤s∧ρN
|QN (τ)−Q(τ)|
)
.
§¥]qt¤¥¤¥y»x|=«)|OseÃx+beh!Ë¶Wx+bÃxhg{+f Îv²å©®{hprqt¤¥¤1x+b]qtx~¶W{|Of Îv²¥ii\©
|ṘNn (s)− Ṙn(s)|
= L
(
N
∑
n=1
WNn (s)
RNn (s)
(1− F (QN (s)))
)−1
− L
(
N
∑
n=1
Wn(s)
Rn(s)
(1− F (Q(s)))
)−1
≤
L
(1− pmax)2S
N
N (s) · SN (s)
|
N
∑
n=1
WNn (s)
RNn (s)
(1− F (QN (s)))−
N
∑
n=1
Wn(s)
Rn(s)
(1− F (Q(s)))|
!h¯Ëeeh
fN = χ{S
N
N (s) < δ
|O{
SN (s) < δ
¶Î|O{o|OfKh
0 ≤ s ≤ T
²
}
Êhgeph»
|ṘNn (s)− Ṙn(s)|
≤
L
(1− pmax)2δ2
|
N
∑
n=1
WNn (s)
RNn (s)
(1− F (QN (s)))−
N
∑
n=1
Wn(s)
Rn(s)
(1− F (Q(s)))|
+fN
L
(1− pmax)2S
N
N (s) · SN (s)
2N
a(s)
Tmin
.
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|
WNn (s)
RNn (s)
(1− F (QN (s)))−
Wn(s)
Rn(s)
(1− F (Q(s)))|
≤ C sup
τ≤s
|WNn (τ)−Wn(τ)|+ C sup
τ≤s
|QN (τ)−Q(τ)|.
aqt°R§¥jh¯uR)hpgx,qtx+§¨|Oeo?o+be|\­ox+behËe¶Wx+bÃxhg{+f&§¨o~«)|OsehpÃ«¸y
BN (2) + CE
(
∫ t∧ρN
0
[sup
τ≤s
|WNn (τ)−Wn(τ)|+ sup
τ≤s
|QN (τ)−Q(τ)|]
)
ds
­~behg{h
BN (2) = 2E
(
fN
(
∫ t∧ρN
0
(
a(s)
Tn
)2 L
(1− pmax)2S
N
N (s) · SN (s)
ds
))
≤ CE
(
fN
(
∫ T
0
1
SNN (s) · SN (s)
ds
))
.
 |oohpo!¶Î|O{³p|Oehpgx+§¨|O
n
qt{h=hgehg{,qtxhpNqtxqHfjq`uv§¥fsf{,qtxh
a(T )
|OEx+behµ§¥¸xhg{+ªOqt¤
[0, T ]
o|:§Ì¶
Nn(a(T )t)
§¨o!ox|¸,b]qOo+x+§¨rqt¤¥¤¥yÏ¤¨qt{h¯{x+b]qt
Nn(Λ
N
n (t)
¶Î|O{qt¤¥¤
t < T
²  hgx
ENhge|OxhHx+behj§¥ev§¨phpo
n
¶Î|O{
1 ≤ n ≤ N
o+se,bNx+b]qtx
Nn(a(T )T ) = 0
²Ï¾c|Ox+b
SN (s)
qte
SNN (s)
qt{h«)|OsehpÃ«)hg¤¨|\­ «¸y
1
Tmax
1
N
∑
n∈EN
wn(0).
?¤¨o|»
fN ≤ χ{
1
Tmax
1
N
∑
n∈EN
wn(0) < δ}.
J ù0ö J ý
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Êhgeph»
BN (2) ≤ CTE

{
1
N
∑
n∈EN
wn(0) < Tmaxδ}
(
1
N
N
∑
n=1
wn(0){n ∈ EN}
)−2


≤ CTE

{
1
N
∑
n∈EN
wn(0) < Tmaxδ}
1
N
N
∑
n=1
wn(0)
−2{n ∈ EN}


≤ CTP (
1
N
∑
n∈EN
wn(0) < Tmaxδ)
1/2(E(
(
1
N
N
∑
n=1
wn(0)
−2{n ∈ EN}
)2
)1/2
≤ CTP (
1
N
∑
n∈EN
wn(0) < Tmaxδ)
1/2(E(
(
1
N
N
∑
n=1
wn(0)
−4{n ∈ EN}
)
)1/2
≤ CTP (
1
N
∑
n∈EN
wn(0) < Tmaxδ)
1/2
(
p
N
N
∑
n=1
wn(0)
−4
)
)1/2
­~behg{h
p = exp(−a(T )T )
² h¯uRxr»«¸y	oo+sfµx+§¨|OÏ©¯» 1
N
∑N
n=1wn(0)
−4 < C
se§ ¶Î|O{+fµ¤¥y
§¥
N
²>ÀÏ|O{hp|\ªhg{r» 1
N
∑
n∈EN
wn(0)
b]qOo~fKhrqt
qtewªOqt{+§½qteph«)|OsehpÃ«¸y
p
N
N
∑
n=1
wn(0)
qte (1/2)(1− 1/2)
N2
N
∑
n=1
wn(0)
2
o|=§¥x~¶¡|O¤¥¤¨|\­ox+b]qtx
BN (2)→ 0
qOo
N →∞
²
Êhgeph»­®h³rqtÃ«)|Ose¦Îv²å©®«Ry
BN (2) + C
∫ t
0
[
E
(
sup
0≤τ≤s∧ρN
|QN (τ)−Q(τ)|
)
+
1
N
N
∑
n=1
E
(
sup
0≤τ≤s∧ρN
E|WNn (τ)−Wn(τ)|
)]
ds
≤ BN (2) + C
∫ t
0
EDN (s)ds.
zsx+x+§¥jx|Ohgx+behg{"Îv²å  ©qte¦Îv²å©®­®hhgx
1
N
N
∑
n=1
E
(
sup
0≤τ≤t∧ρN
|WNn (τ)−Wn(τ)|
)
≤ BN (2) + C
∫ t
0
[
E
(
sup
0≤τ≤t∧ρN
|QN (τ)−Q(τ)|
)
+
1
N
N
∑
n=1
E
(
sup
0≤τ≤t∧ρN
|WNn (τ)−Wn(τ)|
)]
ds.
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|O{
||WN (t)−W(t)|| ≤ BN (2) + C
∫ t
0
DN (s)ds.
§¥]qt¤¥¤¥yqO§¥:Îv²å  ©Tqte­®hhgx1|Os{ {|O¸­~qt¤Ì¤§¥ehpºs]qt¤¥§¥x¹y²
DN (t) ≤ BN+C
∫ t
0 DN (s)ds­~behg{h
BN = BN (1) +BN (2)
²
      
  
  
   qmax
¹Ãx+beh6¤½qOo+x?ohpgx+§¨|OÉ­ch³b]qrªh6obe|\­~Ïp|O¸ªhg{+hgeph6§¥Éx+beh6§¥¸xhg{+§¨|O{r² |\­;p|Oeo+§¨hg{!qµ]qtx+b
­~behg{h
Q(t) = qmax
|Owo,|OfKh§ÌRxhg{+ªOqt¤
[0, ρ]
­~b§¨,bw­®hfjqryjx,qt°h?x|"«)h§¥eo+§¨h
[0, T ]
²
+?
x+b§¨o§¥¸xhg{+ªOqt¤Jx+behg
K(t)
o,qtx+§¨o+Ë]hpo
S(t)(1−K(t)) =
d
∑
c=1
κc〈Id,Mc(s)〉
(1−K(t))
Rc(t)
= L
qte
K(t) > pmax
² |Oxh!x+b§¨ofKhrqteo
L/S(t) ≤ 1− pmax.
Îv²å   ©
 ¦h³qOoosfKh
QN (0) = qmax
qte#¶Î|O{
[0, ρN ] KN (t)
§¨o~§¥ªhgÃ«¸y
S
N
N (t)(1−K
N (t) =
d
∑
c=1
κNc 〈Id,M
N
c (t)〉
(1−KN (t)
RNc (t)
= L
­~§¥x+b
KN (t) > pmax
² ?|Oxhx+b§¨ofKhpqt]o
L/S
N
N (t) ≤ 1− pmax.
Îv²å ©
 ¦h!­~§¨o+bwx|Ko+be|\­ p|O¸ªhg{+hgeph³|O
[0, ρ ∧ ρN ]
²) EhrqtÃ{hg)hrqtxx+behoxhgeoc§¥Ãx+beh!¤½qOo+x
o+s«eo,hpgx+§¨|O¦«esxo+§¥eph
Q(t) = QN (t) = qmax
ÎqteNp|Oeohpº¸sehg¸x+¤¥y
Rn(t) = R
N (t)
©!­®h
ehphpÃ|O¤¥y#p|Oeo+§¨hg{
1
N
N
∑
n=1
E
(
sup
0≤τ≤t∧ρN
|WNn (τ)−Wn(τ)|
)
≤ C
∫ t
0
||WNn (s)−Wn(s)||ds
¶W{|Of Îv²å  
+
1
N
N
∑
n=1
CE
(
∫ t∧ρN
0
|λNn (s)− λn(s))|ds
)
¶¡{|Of Îv²å©
J ù0ö J ý
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acb]h«)|Ose³|O
E
(
∫ t∧ρN
0 |λ
N
n (s)− λn(s))|ds
) {|¸phphpo0qOoJ§¥x+beh¤½qOo+x1ohpgx+§¨|O6h¯uphgx
x+b]qtxÎv²å©¯»0Îv²å©~qte¦Îv²å©~qt{,h!¼rhg{|jqte¦Îv²åt¸©c§¨o~{hg¤½qOphpÃ«¸y
|KN (s−Rn(s))−K(s−Rn(s))| = |L/S
N
N (s)− L/S(s)|
≤
(1− pmax)
2
L
|S
N
N (s)− S(s)|
≤ C(|S
N
N (s)− SN (s)|+ |SN (s)− S(s)|)aqt°R§¥jh¯uv)hpgx,qtx+§¨|Oeoobe|\­o~x+beh!¶¡|Os{x+bwxhg{+f&§¨o«)|Osehpw«Ry
C
∫ t
0
1
N
N
∑
n=1
E
(
sup
0≤τ≤s∧ρN
|WNn (τ)−Wn(τ)|
)
ds+
∫ t
0
E|SN (s)− S(s)|ds
= BN + C
∫ t
0
||WNn (s)−Wn(s)||ds
­~behg{h
BN =
∫ t
0 |SN (s)− S(s)|ds→ 0
qOo
N →∞
²
v§¥:qt¤¥¤Jx+beh§¨hpphpox|Ohgx+behg{­®h!hgx
||WNn (t)−Wn(t)|| ≤ BN + C
∫ t
0
||WNn (s)−Wn(s)||ds
qteÅx+b§¨o!fKhrqteo
||WNn (t) −Wn(t)|| → 0
qOo
N → ∞
qteÅ­®h"b]qrªh=p|O¸ªhg{+hgeph²"acbeh
p|O¸ªhg{+hgeph¶¡|O{?q"]qtx+bÏqtxx+beh!¤¨|\­ch¯{«)|Oseeqt{+y#§¨ohpoohg¸x+§½qt¤¥¤¥yHxbehoíqtfKhO²
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73'25"3'2	, 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Ã !%c'2	,3
¹wx+b§¨oohpgx+§¨|OÃ­ch!{|\ªh³acbehp|O{hgfÇv²' ¦hrqtÃ{h¯¶¡|O{+fs¤½qtxh:Îv²©~qOo§¥EÁ¥igÂï²
〈g,MNc (t)〉 − 〈g,M
N
c (0)〉
   ²å©
=
1
κNc N
N
∑
n=1
∫ t
0
[
dgc
dw
(WNn (s))
1
RNc (s)
ds
+
(
gc(W
N
n (s
−)/2)− gc(W
N
n (s
−))
)
dNn(Λn(s))
]
χ{n ∈ Kc}
=
1
κNc N
N
∑
n=1
χ{n ∈ Kc}
∫ t
0
[
dgc
dw
(Wn(s))
1
RNc (s)
ds+
(
gc(W
N
n (s)/2)− gc(W
N
n (s))
)
· (1− ṘNc (s))
WNn (s−R
N
c (s))
RNc (s−Rc(s))
KN (s−RNc (s))ds
]
+ ENc (t)
   ²ê  ©
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­~behg{h
ENc (t)
§¨o~§¥ªhgÃ«¸y
1
κNc N
N
∑
n=1
χ{n ∈ Kc}
∫ t
0
(gc(W
N
n (s
−)/2)− gc(Wn(s
−)))dZn(Λ
N
n (s))
qte
Zn(t)−Zn(0) :=
∫ t
0
(
dNn(Λ
N
n (s))− (1− Ṙ
N
c (s))
WNn (s−R
N
n (s))
RNc (s−R
N
c (s))
KN (s−RNc (s))ds
)
.
Êhgeph»
〈gc,M
N
c (t)〉 − 〈gc,M
N
c (0)〉
=
∫ t
0
[ 1
RNc (s)
〈
dgc(w)
dw
,MNc (s)〉
   ² ©
+〈(gc(w/2)− gc(w))v,MNc (s−R
N
c (s), dv; s, dw)〉
(1− ṘNc (s))
RNc (s−R
N
c (s))
KN (s−RNc (s))
]
ds
+ ENc (t)
=
∫ t
0
[ 1
RNc (s)
〈
dgc(w)
dw
,MNc (s)〉ds
   ² ei\©
+〈(gc(w/2)− gc(w))v,M
N
c (s−R
N
c (s), dv; s, dw)〉
(1− ṘNc (s))
RNc (s−R
N
c (s))
KN (s−RNc (s))ds
]
+ ENc (t).
 ¦hËe{oxo+be|\­
ENc
§¨oqOo+yRfµx|Ox+§¨rqt¤¥¤¥ywo+fjqt¤¥¤0qOo
N →∞
²l?hprqt¤¥¤
ENc (t) =
1
κNc N
N
∑
n=1
∫ t
0
CNc,n(s)Z
N
c,n(ds)
­~behg{h
CNc,n(s) = χ{n ∈ Kc}
(
g(WNn (s)/2)− g(W
N
n (s))
)
qte
ZNc,n(t)−Z
N
c,n(0) :=
∫ t
0
(dNn(Λ
N
n (s))−(1−Ṙ
N
c (s))
WNn (s−R
N
c (s))
RNc (s−R
N
c (s))
KN (s−RNc (s))ds)χ{n ∈ Kc}.
ï¶
n ∈ Kc
»
Nn(Λ
N
n (s))
§¨o³qH)|O§¥¸x{|¸phpoo6qOeqtxhp$x|#x|
Fn(t)
­~§¥x+bNqHo+x|¸,b]qOox+§¨
§¥¸xhgeo+§¥x¹y
WNn (s − R
N
c (s))K
N (s − RNc (s))/R
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